Abstract: Successful destruction of reentry targets, which can enter into atmosphere with different reentry angles, needs a near-perfect operation of terminal guidance. However, since such targets usually approach with very high velocities, if suitable terminal angle is not ensured by mid course guidance, the terminal guidance may not operate successfully. Hence, capturability of the terminal angle is an important performance measure of the mid-course guidance. In this paper, two algorithmic improvements are proposed in the framework of model predictive static programming (MPSP) based suboptimal mid-course guidance. In one of these methods, the desired terminal angle is successively varied and in the other method a learning rate coefficient is introduced while updating the lateral acceleration command history. Both of these techniques result in substantial improvement of capturability of the alignment angles.
INTRODUCTION
Trajectory of an interceptor missile mainly consists of three phases, namely (i) boost phase, (ii) mid-course phase and (iii) terminal phase. All of these phases play crucial roles in making a mission successful by intercepting the target. The mid-course guidance phase is typically the longest one and its primary objective is to guide the missile properly that leads to appropriate initial condition for the terminal phase. To ensure this favorable condition for the terminal phase, alignment constraints in both elevation and azimuth (i.e. flight path and heading angles respectively) play a significant role, which must be ensured at the end of the mid-course phase. Moreover, being the longest phase (with a relatively longer time-to-go (t go )), another restriction on the mid-course guidance is to minimize maneuvers as much as possible. This is mainly to minimize the induced drag, which in turn prevents significant drop in the missile velocity before initiation of the terminal phase.
Numerous mid-course missile guidance schemes have been proposed in the literature, which include (i) general energy management (GEM) guidance (Zarchan (1997) ) (ii) singular perturbation (SP) guidance (Naidu (2001) ), (iii) optimal guidance (Bryson (1975) ), (iv) proportional navigation with a shaping term (P.kumar (2006) ) etc. GEM guidance is typically used for long range applications (of the order of more than 100 km range), which is not relevant to the case addressed in this paper. SP guidance is a wellknown energy efficient technique and suitable for midcourse guidance in general, but it does not enforce the alignment constraint. In the PN guidance with shaping term, one can achieve the angle constraint, but that needs to be done from a tedious off-line heuristic tuning process, which depends on the predicted target trajectory as well. Optimal control theory is perhaps the right tool to address a number of challenging guidance design problems in general (including mid-course guidance).
Even though considerably fair amount of attention has been given in literature to develop computationally efficient techniques for infinite-time regulator problems and their extensions, the same can not be said for finite-time problems in general (which are more relevant for missile guidance problems). A notable contribution in this regard is perhaps the 'pseudo-spectral method', (Gong et al. (2008) ) which has been proposed recently and has been used in a number of guidance design applications as well. Similarly, combining the philosophies of nonlinear model predictive control theory (Yang (2005 )-Cannon (2004 ) and approximate dynamic programming (Werbos (1992) ), a new nonlinear optimal control design method named as model predictive static programming (MPSP) has also been proposed recently (Padhi (2009) ). This technique solves a class of nonlinear optimal control problems, which require that (i) the output vector need to satisfy a set of hard constraints at the final time (t f ) and (ii) the control effort should be minimized in the entire interval of [t 0 , t f ]. The MPSP technique has been applied to a variety of aerospace guidance problems recently, including missile guidance problems (Padhi (2009) ). Innovation of the MPSP technique lies with the fact that it successfully converts a dynamic programming problem (which an optimal control problem leads to, if formulated from the Hamilton-Jacobi-Bellman (HJB) approach (Bryson (1975) )) to a static programming problem. It requires that a 'static costate vector' (of same dimension as the state vector) need to be solved to get the control history update for the entire interval. Moreover, this costate vector has a symbolic solution, and hence it leads to a closed form solution of the optimal control history update. Moreover, the sensitivity matrices (which are required to be computed in this technique) can be computed in a recursive manner, which saves the computational time further. This avoids the numerical complexities of optimal control theory making it computationally very efficient and hence suitable for online implementation. Note that the MPSP technique brings in the philosophy of trajectory optimization into the framework of guidance design, which in turn results in very effective missile guidance. For more details about the technique, one can refer to some of the available literature (Padhi (2009 )-Dwivedi (2008 ).
Successful applicability of the MPSP technique includes mid-course guidance with alignment angle constraints (Dwivedi (2008) ) for reentry targets. Because of their high velocities such targets offer very small time window. For successful operation of the terminal guidance, suitable terminal angles should be ensured by the midcourse guidance itself. Hence, capturability of the terminal angle is an important performance measure of the midcourse guidance. In our experience, MPSP based midcourse guidance is able to achieved desired terminal angle but with limited capturability. In this paper, we propose two algorithmic improvements of the MPSP guidance to enhance the angle capturability. In one of these methods, the desired terminal angle is successively varied and in the other method a learning rate coefficient is introduced while updating the lateral acceleration command history. Both of these techniques result in substantial improvement of capturability of the alignment angles.
The rest of the paper is organized as follows. In Section 2, the MPSP approach are explained in brief. Guidance design with MPSP is presented in Section 3. Numerical simulation results are presented in Section 4. Finally, some conclusions are drawn in Section 5.
MPSP DESIGN: MATHEMATICAL FORMULATION

Model Predictive Static Programming (MPSP) Design
In this section, we present the mathematical details of the Model Predictive Static Programming (MPSP) design in brief . In MPSP formulation, we consider general nonlinear systems in discrete form, the state and output dynamics of which are given by
. . , N are the time steps. The primary objective is to come up with a suitable control history U k , k = 1, 2, . . . , N − 1, so that the output at the final time step Y N goes to a desired value Y *
In addition, we aim to achieve this task with minimum control effort.
For the technique presented here, one needs to start from a "guess history" of the control solution. With the application of such a guess history, obviously the objective is not expected to be met, and hence, there is a need to improve this solution. In this section, we present a way to compute an error history of the control variable, which needs to be subtracted from the previous history to get an improved control history. This iteration continues until the objective is met i.e. until Y N → Y * N . Note that the technique presented here comes up with a control update history in closed form, and hence, the computational requirement is substantially lesser. Hence, algorithm can be used online.
The error in the output can be written as:
Where B k , k = 1, . . . , (N − 1) is possible to compute recursively. For doing this, first we define B 0 N −1 as follows
. . , 1 can be computed as:
Equation ( In Eq.(3), we have (N-1)m unknowns and p equations. Usually p < (N − 1)m, and hence, it is an underconstrained system of equations. Hence there is a scope for meeting additional objectives. We take advantage of this opportunity and aim to minimize the following objective (cost) function
where
is the previous control history solution and dU k is the corresponding error in the control history. The cost function in (7) needs to be minimized subjected to the constraint in (3), where R k > 0 (a positive definite matrix) is the weighting matrix, which needs to be chosen judiciously by the control designer. The selection of such a cost function is motivated from the fact that we are interested in finding a l 2 -norm minimizing control history, since (U 0 k − dU k ) is the updated control value at k (see (8)).
Equations (3) and (7) formulate an appropriate constrained static optimization problem. Hence, using optimization theory (Bryson (1975) ), the updated control at time step k = 1, 2, . . . , (N − 1) is given by
This is how the control history is updated in the MPSP algorithm. At this point, we would like to point out that we have used "small error approximation" in deriving the closed form control update. This approximation may not hold good in general. Hence the process needs to be repeated in an iterative manner before one arrives at the converged (optimal) solution, which is define as the solution when Y N → Y * N . Note that details on the MPSP technique can be found in some of the earlier published literature as well. (Padhi (2009)-Dwivedi (2008)) 3. MID-COURSE GUIDANCE WITH MPSP
Objective of Mid Course Guidance
For an interceptor, guidance works in three phase. First is boost phase, second is mid course and third and last is the terminal phase. For successful interception of high speed target, it is very important that during terminal guidance phase, interceptor and target velocity vectors are near antiparallel. Moreover, interceptor must have sufficient capability to fulfil terminal guidance requirement. So it is quite important for mid course guidance to provide proper initial condition to terminal guidance phase. As interceptor spends most of its time during mid course guidance phase, it is quite imperative that this phase should be energy efficient while simultaneously achieving its primary performance related objectives. Hence an optimal Mid course guidance must enable the interceptor to reach a particular point at a particular range to go with desired velocity vector and also with minimum effort. This desired point, is decided by a pre-launch computation scheme. Moreover, missile must reach desired location with proper flight path angle and heading angle while retaining sufficient velocity to satisfy terminal guidance requirement due to handover errors and subsequent requirement due to target maneuver. The desired flight path angle and heading angle are important for the warhead point of view. Axis used in this guidance has been shown in figure 1.
Guidance Design with MPSP
In the state equation of the interceptor, time is used as an independent variable. However, to eliminate the open-loop nature of solution, instead of time, the downrange x has been used as independent variable. This is possible because x is a monotonic variable and the final value of x is known (since the missile has to reach a desired point after the mid-course phase). For this purpose missile model is first written as
where X represent the derivative of state with respect to position x. For MPSP design state model has to be in discreet form as
Where state X k ,U k and F k are define as:
Here we have to start with some guess history of η φ k and η γ k and sensitivity matrix B k has been computed using (6). And after that updated guidance command has been computed using (8).
It has been observed that MPSP guidance is able to achieve desired terminal angles, until the desired angle are within some specified range. However as soon as we demand larger angles , MPSP guidance does not converge to a solution. To solve this problem and increase the range of desired angles, two modification has been done in MPSP guidance algorithm as discussed in section 3.3 and 3.4.
Guidance Design with MPSP using Varying Angle Constraint
The philosophy of this modification is, start with easy terminal angle constraints, so that MPSP guidance converges easily to a solution. The next step is to change the terminal angle constraints slowly in the guidance algorithm towards the final terminal angle. This will ensure a good initial guess (the earlier converged solution) for every guidance cycle. This method will also ensure that the updated trajectory is not very far from previous updated trajectory, and hence assumptions involved in the MPSP (small error approximation) is valid. This makes it more robust in terms of convergence, hence the range of desired terminal angle has increased.
The desired terminal angle constraints φ d and γ d for each guidance cycle is computed as below
Where, (φ ini and γ ini ) are the initial terminal angle constraints and (φ f inal and γ f inal ) are the final terminal angle constraints. Here the trajectory parameter x is selected as the parameter for interpolation because it possess the property of monotonicity. The x 0 and x are initial position and current position respectively. We do not want this interpolation to continue till the final point and hence interpolation has been done till position equal to x shape .
Guidance Design with MPSP using Varying Angle Constraint as well as Learning Rate Coefficient
Introducing a Learning Rate Coefficient(α) in the Varying Angle Constraint Methodology further enhances the convergence property of MPSP algorithm and hence it results in higher capturability of desired terminal angles. It is because, this method ensures that the updated trajectory is not very far from guess history and hence the assumption of small error approximation is valid.
For this method, the guidance command has been taken as combination of current update and old update with help of learning rate coefficient α as below:
This method ensure better convergence but at the cost of large number of iterations and hence larger time of convergence.
RESULTS AND DISCUSSION
The guidance methodologies, discussed in section 3 have been simulated in the point mass model test bed using initial and final conditions as given in table 1.
The values of (φ f inal and γ f inal ) are selected to find out the terminal angle capturability set. 
Result with MPSP
Here figure  3 . Figure 2 and 3 show the Y position, Z position, heading angle (φ), flight path angle (γ), acceleration demand in both plane (η φ and η γ ), total acceleration demand η and velocity w.r.t position X. It can be observed here that MPSP guidance is able to achieve the desired terminal angles in all cases which are within the obtained capturability set. However any demand outside the capturability set, leads to divergence of MPSP algorithm. To enhance the capturability set obtained by MPSP algorithm, two modification has been done as discussed in section 3.3 and 3.4.
Result with MPSP using Varying Angle Constraint
As discussed in section 3.3, the capturability set of MPSP has been improved using Varying Angle Constraint methodology. Here φ initial and γ initial has been chosen as zero. In every guidance cycle the desired φ d and γ d has Table 2 shows the comparison of all three guidance laws in term of achieved terminal desired angles. It is observed that the proposed modification in MPSP guidance leads to improvement in the capturability set of terminal angles. Hence final solution will be achieved as soon as the desired terminal angles (γ f inal , φ f inal ) are achieved. As we are doing one iteration at a time in every guidance cycle, this modification will not increase the computational burden for online implementation w.r.t original MPSP guidance algorithm.
Comparison of results
Introduction of Learning Rate Coefficient in Varying Angle
Constraint methodology ensure better convergence properties with penalty of slight increase in number of iteration cycles. However slight increase in iteration cycle will not affect the overall guidance performance.
CONCLUSION
Using MPSP guidance the desired terminal angle has been achieved but with limited capturability set. In this paper, two algorithmic modifications are proposed in the framework of model predictive static programming (MPSP) based suboptimal mid-course guidance to improve the capturability set of the terminal angles. In one of these methods, the desired terminal angle is successively varied and in the other method a learning rate coefficient is introduced while updating the lateral acceleration command history. Both of these techniques result in substantial improvement of capturability set of the alignment angles.
